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MULTIPLE POINT SPACES 
OF FINITE HOLOMORPHIC MAPS 

JUAN J. NUNO-BALLESTEROS, GUILLERMO PENAFORT-SANCHIS 


Abstract. Given a finite holomorphic map f : X ^ Y between mani¬ 
folds, we show that there exists a unique possible definition of fcth mul¬ 
tiple point space D^{f) with the following properties: D^{f) is a closed 
subspace of X*, P* (/) is the closure of the set of strict fc-multiple points 
when / is stable and D’‘{f) is well behaved under deformations. Our 
construction coincides with Mond’s double point space and Mond’s fcth 
multiple point space for corank one singularities. We also give some 
interesting properties of the double point space and prove that in many 
cases it can be computed as the zero locus of the quotient of ideals 
(/ ^ /)*'^A(y) : where ^a{z) is the defining ideal sheaf of the 

diagonal \n Z x Z. 


Introduction 

This work is about the analytic structure of multiple point spaces of finite 
holomorphic maps f: X ^ Y between manifolds. A natural definition of the 
kth multiple point space of / is just the closure of the set of strict /c-multiple 
points, i.e., the fc-tuples G such that ^ x^^^ and 

= f{x^^^), Vi ^ j. Unfortunately, this construction does not prove 
useful in the context of singularities of maps, because it does not behave 
well under deformations (see Example 2.2). Several authors have worked on 
multiple point spaces and have introduced different solutions to deal with 
this problem (see for instance [8, 10, 12, 13, 14]). However, the relations 
between these spaces are not always clear. 

In [12], Mond gives a definition of double point space D‘^{f) for map germs 
/ ; (C”, 0) —)• (C^, 0), with n < p, which may be non reduced in general, and 
whose underlying set is given by the pairs (x, x') such that either (x, x') is 
a strict double point or x = x' is a singular point. In the same paper, Mond 
also defines the higher multiple point spaces but only for corank 1 

map germs. These spaces are studied in greater depth by Marar-Mond in 
[10]. The main result of that paper is that / is stable if and only if all the 
spaces D^{f) are smooth of the expected dimension or empty, and that / is 
finitely determined if and only if all the spaces D^{f) are isolated complete 
intersection singularities of the expected dimension or D^{f) C {0}. 

Our approach is based on the ideas of Gaffney in [4]. We show that given 
a finite holomorphic map / : X —)■ T between manifolds, there exists only 
one way to define D^{f) with the following two properties: first, D^{f) 
is the closure of the set of strict /c-multiple points when / is stable, and 
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second, D^{f) is well behaved under deformations. This means that if F 
is an unfolding of /, then D^{F) is a family whose special fibre is D^{f). 
Then, we prove that our construction coincides with Mond’s definition when 
k = 2 or when / has only corank 1 singularities. 

The last two sections are dedicated to the double point space D‘^{f). We 
look at interesting geometrical properties of this space and study in which 
conditions it is smooth, Cohen-Macaulay, reduced or normal. Finally, let 
dimX = n and dimT = p, with n < p. We prove that if dim D^{f ) = 2n—p, 
and the set of points of corank > 2 has dimension < 2n — p, then D^{f) can 
be computed as 

D\f) = V{{f X fr-YAiY) ■ ^ A ( X )), 

where d^A(z) is the defining ideal sheaf of the diagonal in Z x Z. The result 
implies, for instance, that the equality holds in the following cases: 

(1) p = n, 

(2) p = n + 1 and / generically one-to-one, 

(3) / stable, 

(4) p < 2n and / finitely determined (for map germs). 

Acknowledgements: The authors thank W.L. Marar and D. Mond for their 
valuable comments and suggestions. 

1. Preliminaries 

Throughout the text, by a map f: X ^ Y we always mean a holomorphic 
map between complex manifolds X and Y of dimensions n and p, respec¬ 
tively. 

Definition 1.1. Given a map / : X —)• T, an unfolding of f over a pointed 
manifold (S, sq) is any map F: X —?• T, endowed with two embeddings 
i; X X,j: Y —t-T and two submersions a: X ^ S, /3: y ^ S, satisfying: 

(1) The following diagram commutes: 

/ 

X- - - ^Y 

i j 

Y p Y 

X- - - 

5 

(2) Let X^ = and Yg = /3~^{s), for any s G S'. Then i and j map 

X and Y isomorphically to X^g and Wq- 

A local unfolding (at a subset A C X) is any unfolding F of the restriction 
of / to some open neighbourhood U C X of A. 

For any s G S, we write fs = F\xg ■ Xg —t Yg. 

Remark 1.2. (1) If T is an unfolding of /, then / and fg^ are A- 

equivalent. Indeed, every A-equivalence can be seen as an unfolding 
where S consists just of one point. 
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(2) If F is an unfolding of / over (S', sq) and ^ is an unfolding of F over 
{T,to), then ^ is also an unfolding of / over (S x T, {so,to)). 

(3) Every unfolding admits the following local form: take local coordi¬ 
nates so that the maps i,j,a,l3 are given by i(x) = (x,0), j{y) = 
(y, 0), a{s,x) = s and I3{s,y) = s. The map F is written in such 
coordinates as F{s,x) = {s,fs{x)), with /o = /. Hence, the defini¬ 
tion of unfolding can be seen as a global coordinate-free version of 
the definition of unfolding of a multigerm. 

Definition 1.3. An unfolding of a multigerm /: (C"',S) —)• (C^’,0) is a 
multigerm 

F: (C^ X C”,{0} X S) ^ (C^ x £^,0), 

of the form 

(s,x) {s,fs{x)), 

with /o(x) = f{x). 

Two unfoldings F and G of f are A-equivalent as unfoldings if there exist 
biholomorphic unfoldings of the identity <I> ; (C^ x C"^, {0} x S) —)■ (C'" x 
C",{0} xS) and T : (C'’ xCP,0) ^ (C^xCP, 0), such that xfoFo^-^ = G. 

An unfolding F of / is called trivial if it is ^-equivalent as unfolding to 
the constant unfolding id x/. 

A multigerm /: S) —)• (C^, 0) is stable if every unfolding of / is trivial. 

Proposition 1.4. Every finite multigerm admits a stable unfolding. 

Proof If / is finite, then it is /C-finite, that is, it has finite singularity type 
in the sense of Mather. The result follows since any multigerm of finite 
singularity type admits a stable unfolding [6, Theorem 2.8]. □ 

Definition 1.5. We say that a finite map / : A —)■ T is stable (or M-stable) 
if, for any y G /(A), the multigerm of / at f~^{y) is stable. 

Definition 1.6. Given / : A —)■ A, we define 

S^(/) = {x G A I corank/a; = k} 

and 

&{f} = U E'(/). 

i>k 

Remark 1.7. The set S^(/) may not be the closure of S^(/). The map 
(x, y) I—)• (x^,y^,xy) has no corank 1 points but has a corank 2 point at the 
origin. 

Lemma 1.8. Let f:X —)■ A be a finite-to-one map and let n = dim A. 
Then 

dimS^(/) <n — k, 

for all 1 < k < n. As a eonsequenee, dimS^(/) < n — k. 

Proof. We proceed by induction on k: Assume first dimS^(/) = n, then 
there exists a proper analytic space Z C A, such that / has constant rank 
d < n at X \Z. For any point x G A \ Z, by the constant rank theorem, we 
can perform some local changes of coordinates in source and target to obtain 
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a map of the form (xi,..., 0 ..., 0), which is not finite. This proves the 

case k = 1. ^ ^ ^ 

Assume dim S^(/) > n—k+1. Then, since S^(/) C by induction 

we have dim S^(/) < n — /c + 1, so the dimension of S^(/) equals n — /c + 1. 
Let X be a regular point of S^(/) where the dimension of S^(/) is n — /c + 1. 
Then, there exists an open neighbohood U C A of x, such that the restriction 
g = is a holomorphic map defined on a manifold of dimension 

n — k + 1. Being a restriction of /, the map g is finite-to-one. Since the 
restriction is done precisely at S^(/), it is obvious that g has rank < n — k 
at all source points. This means dimS^( 5 r) = n — k + 1, contradicting the 
induction hypothesis. □ 

Example 1.9. The previous bound is sharp, since it is exact for the map 
C"" —)■ given by 

(xi, ...,Xn)^ (xf ,... ,x^,0,... ,0). 

The following fact is well known (see for instance [5]). 

Proposition 1.10. For any stable map f:X^Y, the spaee E^(/) is empty 
or a manifold of dimension n — k{p — n + k). 

Notation on products of copies of X: We write elements in X^ as tuples 
w = {x^^\... ,x^^'i) of points x^^'i G X, each one with local coordinates 
x^p ,..., xP. For k = 2,3, we use x = x^^^, x^ = x^'^\x" = x^^^ and denote 
the coordinates by Xi = xp\x^ = xp'^ and x'f = x^^ The small diagonal of 
is the subset 

A(A, k) = {(x(^\ ..., x(^)) G A^ I x(i) = ... = 

The big diagonal of A^ is the subset 

D{X,k) = {(x*'^^ ... G A^ I x^*^ = x^^^ for some i / j}. 

When working locally, we write A(n, k) and D{n, k) for the germs of A(C”', k) 
and D{C^, k) at 0. The ideals in O^n defining these two space germs are 

k 

^A(n,fc) = \ l<i<n), 

1=2 

lD{n,k) = n \ l<i<n). 

l<l<m<k 

Definition 1.11. We say that a map f: X ^ Y has normal erossings if, 
for any k >2, the restriction of to A^ \ D{X, k) is transverse to A(y, k). 

An easy transversality argument shows the following well known result: 

Proposition 1.12. Any stable map has normal erossings. 

2. Multiple Points 

Definition 2.1. Given a map / : A —)■ A, we say that (x^^\ ... G A^ 

is a striet k-multiple point of f if /(x*-*^) = /(x and x*^*^ / x^^\ for all 
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i ^ j. We denote by Dg{f) the analytic closnre of the set of strict /c-mnltiple 
points of /, that is, 

Dkf) = {n-H^{Y,k))\D{X,k). 

We regard Dg{f) as a complex space with the rednced strnctnre. If we write 
^A{X,k) ^D(X,k) for the ideal sheaves in of the small and big diagonal 

respectively, then (see the beginning of Section 6) the ideal sheaf of D^{f) 
is 

where, 

^(/,A:) = (/"r^A(y,fc). 

We have local versions of the above definitions as well: For any finite mnlti- 
germ f: {X,A) —?• {Y,y), we take a representative / of /, defined at a small 
enongh neighbonrhood U of A. Then, we define Dg{f) as the mnltigerm at 
A^ of Dg{f). As in the global case, we have Dg{f) = k)) \ D{n, k), 

whose defining ideal in Okn is ^P{f,k) : lD{n,k)°°, with P{f, k) = (/^)*/A(p,fc)- 

Example 2.2. Take the family of cnrves ft'- C —>■ C^, given by 

X i-A (x^, + tx). 

The map /o is jnst a nsnal cnsp. It is injective, and thns T)|(/o) is empty. 
For t 7 ^: 0, a straightforward compntation shows that Dg{ft) is the zeroset 
of (x^ + t, X + x'). 




Figure 1. Images of /o and ft,t ^ 0, respectively 

Let I = (x^ +1, X + x') and denote by h, the ideal in O 2 (variables x and 
x') obtained by the snbstitntion t = to in I- Then: 

• Iq does not define T)|(/o). 

• O 2 /L 0 is not rednced. 

As the previons example shows, the space Dg{f) does not behave well 
nnder deformations. To avoid this problem, we need to adopt a different 
definition of the mnltiple point spaces, inclnding some non-strict mnltiple 
points and allowing the space to be non-rednced. Before getting into the 
details, we show the following: 

Lemma 2.3. For any multigerm f: (C”, A) — )> (C^,0). 

(1) If F = {s,fs) and F' = (s,/() are A-equivalent as unfoldings of f, 
then 

Dl{F)n{s = 0} = DliF')n{s = 0}. 
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(2) If f is stable, then for any unfolding F = {s,fs) of f, 

Dl{F)n{s = 0} = DUf). 

(3) If F = {s,fs) and F' = {t, f[) are stable unfoldings of f , then 

DUF)n{s = 0} = DUF')n{t = 0}. 

(4) Let F = (s, fs) and F'{t,fl) be stable unfoldings of two germs f,f', 
respeetively. If f = if o f o (j)~^, where (/>, are biholomorphisms, 
then 

(t>\D%{F) f^{s = 0}) = D%{F') f^{t = 0}. 

Proof. 1) By hypothesis, we have F' = 'I'oFo<h“^, where 4>, 4^ are unfoldings 
of the identity in respectively. On one hand, <h(i4|(F)) = Dg{F'). 

On the other hand, writting = (s, (pg) with (pQ = id, 

D|(F) n {s = 0} = HdUf)) n {s = 0} = d^f') n{s = o}. 

2) Since / is a stable map and F is an unfolding of /, then F is A- 
equivalent to the constant unfolding (id x/). From (1), it follows 

dUf) n {s = 0} = Z)|(id X/) n {s = 0} = d|(/). 

3) Let T be the germ given by J^(s, t, x) = (s, t, /s(x) +//(x) —/(x)). This 
is an unfolding of both F and F'. Since F and F' are stable, (2) implies 

dUf) n{s = 0} = D%{F) n {S = t = 0} = d%{f') n {t = o}. 

4) Let G be the unfolding of f given by G{s,x) = (s,ip o fs o (p~^). We 
have that T o T o = G, where = id X(/) and T = id xi/^, hence G is 
also stable. From (3) we obtain 

D|(G)n{s = o} = Z)|(F')n{t = o}. 

On the other hand, = Dg{G) and thus, 

<P\dUf) n{s = 0}) = 4>"(D|(F)) n {S = 0} = d|(G) n {s = o}. 

□ 

Now we show that there is a unique way to define kth multiple point 
subspaces of satisfying some natural requirements. To be precise about 
these scheme-theoretic requirements, we need some definitions: A multiple 
point spaee strueture is a rule, denoted by which associates to any finite 
map f: X ^ Y a closed complex subspace R^{f) of X^. Since we ask R^{f) 
to be a closed subspace of X^, the structure sheaf is defined by some 

coherent ideal sheaf J^^{f) in Oxk. 

Definition 2.4. We define the following two conditions for any multiple 
point space structure: 

Ml. If / is a stable finite map, then R^{f) = D^{f). 

M2. For any local unfolding T of / at an open neighbourhood U F X, 
the map sends R^{f) n isomorphically to R^{F) n (Usq)^- 
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Condition Ml may be thought as being the simplest choice for the 
multiple point scheme. Condition M2 means, first, that behaves well 
under deformations and, second, that R^{f) is determined by the multilocal 
behaviour of / at every collection of points. Now we show that these two 
conditions determine R^ uniquely. 

Proposition-definition 2.5. There exists a unique multiple point structure 
satisfying Ml and M2. For any finite map f: X ^ Y, we call D^{f) 
the kth multiple point space of /. For any point w G the space D^{f) is 
given locally around w by 

where F is any local stable unfolding of / at w. 

Proof. First we explain how D^{f) is defined. We set 

D\f)f^{X^\{f)-\X{Y,k))) = %. 

Let ...,G {f^)~^{A{Y,k)) and take /: {X,A) —)■ {Y,y), where 
A = {x*^^\ ..., x^^)} and /(x^) = y. We define D^{f) in a neighbourhood 
of (x(^\ ..., x^^)) as 

D\f) = cp\DUF)n{s = 0}), 

where F is any stable unfolding of /. By Lemma 2.3, D^{f ) is well defined 
and does not depend on the choice of F. Therefore, these spaces can be 
glued together to get a complex space defined globally. We will write it as 
D^{f) and its defining ideal sheaf as It follows from the definition 

that D^{f) is given by 

D'^{f) = {i>^)-\Dl{F)n{X,,f), 

where F is any local stable unfolding of /. 

Now we show that the construction satisfies Ml and M2. If / is stable, 
then we can take F = f and hence D^{f) = Dg{f), so condition Ml is 
satisfied. Condition M2 is obvious as well. Taking local coordinates, it 
suffices to prove the claim for a multigerm /: (C”, A) —)■ (C^, 0). Given any 
unfolding F = (t, ft) of /, we take F{s, t, fs^t) a stable unfolding of F. Then, 

D\f) = DliF) n{s = t = 0} = {D%{F) f^{s = 0}) C {t = 0} 

= D^(F)n{t = 0}. 

Finally, we show the unicity. Let be another kth multiple point struc¬ 
ture satisfying Ml and M2. For any map / and for any local stable unfolding 
F of /, we have locally the following equalities: 

D\f) = {i^)-\D%{F) n {x,,)^) = {i^)-\b\F) n = b\f). 

□ 

Example 2.6. We compute the double point space of the cusp /: (C,0) —)• 
(C^, 0) given by 


X I—)• (x^, x^). 
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Take the family of curves of Example 2.2 as an unfolding, that is, take the 
map germ F ■. (C^,0) —)• (C^,0), given by 

(t, x) i-A (t,+ tx). 

Let (j) and ijj be the local changes of coordinates (t, x) i—>■ (t — x^,x) and 
{X, Y, Z)^ Y, Z). The map (/> o F o ^/; is a cross-cap, and therefore 

F is stable. The strict double point space D'g(F) is defined by the ideal 

\JP{F,2) : lD{n, 2 )°° = {t-t',x + x',t + x‘^). 

The substitution t = 0 yields the double point space 

D\f) = V{x + x',x^). 



Figure 2. Image of the cross-cap, as an unfolding of the cusp. 

Example 2.7. Let : (C, 0) —)> (C, 0) be the germ given by x i—To 
compute its multiple point spaces, we need to take a stable unfolding F of 
A,,. One can check (see [51 for details) that the map germ F: (C^~^ xC, 0) —>■ 
(cVixC,0), given by 

(ui,..., n^-i, x) (ui,..., n^_i, H-h uix), 

is a minimal (in the sense of the number of parameters Ui) stable unfolding 
of Af,. 

As the previous example shows, the construction of the multiple point 
space forces us to study maps between manifolds of arbitrarily big dimension. 
For double points in any corank and for A:-multiple points of corank 1 map 
germs, this problem is adressed by Mond’s ideals (Section 3 and Theorem 
4.11). 

Proposition 2.8. Let f: (C”,0) —)■ (C^jO) be a rank r finite map germ. 

(1) If f is of the form (s, x) i—>■ (s,/s(x)),s G C'',x G then 

the projection P: —)• C'’ x which forgets the variables 

s^‘^\ ..., s^^'l induces an isomorphism 

D^{f) = {(s,!/;) G C'" X \ w is a strict multiple point of fs}. 

(2) D^{f) embeeds into C'' x . 
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Proof. 1) Set Z = {(s,Te) G x | le is a strict multiple point of /«} 
and observe that 1) is a set theoretical question, since both Dg{f) and Z 
are reduced. It is obvious that P restricts to a bijection 

{strict A:-multiple points of /} —)■ Z. 

Therefore, P{Dg{f)) C Z. Let 7 : D —)■ Z be a curve defined in a neighboo- 
hood of the origin of C, satisfying 'y{D \ {0}) C Z. Let 7 ^ be the coordinate 
functions of 7 and let 

(T (71) • • • ) 'yr) and iO ( 7 r+l) • • • ) Tr+fc(n—r))- 

Let 7 ': D —)■ be defined by 

y(t) = 

with a repeated k times. It is obvious that j'it) is a strict A:-muItipIe point 
of /, for all t G L>\{0}. Therefore, we have 'y'{D) C Dg{f). Since P 07 ' = 7 , 
we obtain Z C P(L)|(/)), as desired. 

To show 2 ) take F: (C^ x C"',0) —)• (C* x C^) a stable unfolding of / of 
the form F{t,s,x) = {t, s, ft^s{x)). By 1), we can eliminate the variables 
and s^‘^\ ... to obtain an isomorphic image of Dg{F) into 
(^l+r ^ f^kin-r)^ ^ p |^(*) = Q | 1 < i < fc}, the 

claim follows immediately. □ 

Lemma 2.9. If f: X is a stable map, then the set of striet k-multiple 
points of f is empty or a manifold of dimension kn—{k— l)p. In partieular, 
D^{f) is empty or redueed and equidimensional of dimension kn — {k — l)p. 

Proof. The statement follows directly from Proposition 1.12 , taking into 
account that A(y, k) is a manifold of codimension (k — l)p in Y^. □ 

Proposition 2.10. For any finite map f: X ^ Y, any integer k > 2 and 
any point w G D^{f), all non embedded irredueible eomponents of the germ 
{D^{f),w) have dimension > kn — {k — l)p. In partieular, the kth multiple 
point spaee D^{f) is empty or has dimension > kn — {k — l)p. 

Proof. Let F{s,x) = (s, fs{x)), s G C'’ be a local stable unfolding of /, so 
that D^{f) = D^{F) n {s = 0}. By Lemma 2.9, D^{F) is empty or has 
dimension A:(r + n) — {k— l){r+p) = kn—{k — l)p + r. Let w G D^{f), then 
(Ojic) G D^{F). By Lemma 2.9, all the irreducible components of D^{F) 
have dimension exactly kn— {k — l)p + r. The statement follows since D^{f) 
is obtained by intersecting D^{F) with {s = 0 }, which is a manifold of 
dimension r. □ 

Definition 2.11. For any finite map f : X ^ Y the kth multiple point space 
D^{f) is dimensionally eorreet if it is empty or has dimension kn — {k — \)p. 

Open Problem 1. Is D^{f ) Cohen Macaulay if it is dimensionally correct? 
For corank 1 map germs the answer is positive, as we will see in Section 
3. For arbitrary corank. Theorem 5.1 gives a positive answer, but only for 
double points. 
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3. Multiple points of corank 1 monogerms 

In the previous section we have shown that there is a unique multiple point 
structure satisfying some reasonable conditions. We have also shown how to 
compute these structure by taking a stable unfolding and slicing the closure 
of its strict /c-multiple points. However, the computation of the multiple 
point spaces can be hard in practice, as Example 2.7 shows. 

In [12] Mond introduces some ideals I^{f ) for corank 1 map germs which 
define the multiple point spaces. These ideals are obtained directly from the 
original map, with no need to take any unfolding. Moreover, in [10] Marar 
and Mond show that stability and finite determinacy of corank 1 map germs 
/: (C"^,0) — 7 - (C^,0), n < p, can be characterized by the geometry of the 
multiple point spaces. 

Let /: (C'^,0) —)■ (CP,0) be a corank 1 map germ with n < p. Up to 
M-equivalence, / can be written in the form 

(x, y) eA (x, /n(x, y),..., /p(x, y)), 

with X G and y G C. We can think of /(x, y) as a (n — l)-parameter fam¬ 

ily of functions of one variable fx{y) = {fn{x, y),..., fp{x, y)). Embedding 
D‘^{f) in X (see Proposition 2.8), a point (x, y, y') is a double point if 
and only if the coefficients of the Newton interpolating polynomial of degree 
1 for the points {y, fj,xiy)), {y', fj,xiy')) are equal to 0, for all n < j < p. 
These coefficients, the generators of Mond’s double point ideal are the 

divided differences 

^ I 

y - y' 

Similarly, the triple points are {x,y,y',y”) G x such that every co¬ 
efficient of the Newton interpolating polynomial of degree 2 for the points 
{y,fjAy))dy'^fjAy'))Ay"JjAy")) ^re equal to O for every n < j < p. 
These coefficients are the divided differences fjAy^y'\ iterated di¬ 

vided differences 

f L, ./q _ fjAy^y ] “ fjAv^y ] 

Jj,x [y; y ) y J — , „ 

y' - y" 

Hence, Mond’s triple point ideal is 

A{f) = (/,>[y,y'],/ 7 >[y,y',y"] \ n<j<p). 

Higher multiple ideals I^{f) are defined analogously. 

Remark 3.1. As observed by Marar and Mond [10], the coefficients of the 
Lagrange interpolation polynomial provide another set of generators for the 
ideal defining the /c-multiple points, with the advantage that they are invari¬ 
ant under the action of the symmetric group S^- 

Proposition 3.2. [10, 2.16] For any finite eorank 1 map germ f: (C”,0) —)• 
(C^,0), the ideal A{f) defines D^{f). In partieular, D^{f) is a eomplete 
interseetion, if it is dimensionally eorreet. 

Theorem 3.3. [10, T hm . 2.14] Let f: (C'^jO) —)■ (C^,0) be a finite eorank 
1 map, with n < p. Then: 
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( 1 ) / is stable if and only if D^{f ) is empty or smooth of dimension 
kn — {k — l)p, for every k >2. 

( 2 ) / is finitely determined if and only if D^{f) is empty or an ICIS of 
dimension kn — {k — \)p, for all k satisfying kn — {k — \)p > 0, and 
D^if) C { 0 } for kn — {k — l)p < 0 . 

Remark 3.4. As we will show in Proposition 5.3, the double point locus of 
a stable map may contain singularities, as long as the map has some corank 
> 2 points. Thus, any stability or finite determinacy criterion in terms of 
D^{f) for corank > 2 map germs must necessarily be more complicated than 
the one above. 


4. The double point ideal sheaf 

In [12], Mond gives a explicit set of generators for a double point ideal 
of any map germ / : (C"',0) —)• (CP,0). The aim of this section is to show 

( 1 ) how these local constructions glue to global schemes for any map, and 

(2) that the double point structure obtained satisfies conditions Ml and M2, 
and thus it coincides with the double point structure of Section 2. 

Proposition-definition 4.1. For any map germ /: (C”',0) —)• (C^,0), the 
germs fj{x) — fj{x'), 1 < j < p vanish on the diagonal A(n, 2 ). Therefore, 
they are contained in the ideal generated by re* — x', 1 < i < n. In other 
words, for all j < p, there exist some function germs aij £ 02 n, satisfying 

n 

fj{x) - fj{x') = J2^Ji(x,x')iXi - x'). 

i=l 

This can be expressed as the matrix equality 

/(x) - /(x') = a(x - x'), 

where a represents the p x n matrix (aji) and x — x' and /(x) — /(x') are 
taken as column vectors of sizes n and p respectively. Mond’s double point 
ideal l‘^{f) is the sum 

= (/ X fT{IA{j,, 2 )) + {nxn minors of a). 

The matrix a may not be unique, but f) does not depend on the choice 
of a [12, Prop 3.1]. 

Example 4.2. Let /: (C^,0) —)• (C^,0) be given by 
(x, y) (x^, + y^ + xy). 


Computing the double point space of / as explained in Proposition-Definition 
2.5 can be quite difficult. However, Mond’s ideal /^(/) can be computed eas¬ 
ily: A solution for the equation /(x) — f{x') = a{x — x') is 

x^ — x'^ \ 

I = 

x^ + + xy — x'^ — y'^ — x'y’ J 

X + x' 0 

0 y + y' 

x^ -I- xx' -I- x'^ -I- y y'^ + yy' -|- -|- x' 




X — x' 

y-y' 
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Figure 3. Image of the map germ in Example 4.2. 

Now /^(/) is generated in 02n by 

gi = {x + x'){x - x'), g 4 ^ = {y + y'){2x^ + 2xx' + + y + y'), 

92 = iy + y'){v - y'), gb = {x + x'){x + x' + 2y^ + 2yy' + 2y'‘^), 

53 = (x + x'){y + y'), 56 = (x - x')(2x^ + 2xx' + 2x'^ + y + y')+ 

+ {y- y){x + x' + 2y‘^ + 2yy + 2y'‘^). 

Lemma 4.3. Let /: (C^'jO) —>■ (C^,0) be a map germ and let a be as above, 
then a(x, x) = dfx- 

Proof. Let e* be the i-th vector of the canonical basis of C”. Then 

/ ^ V / , ^ ^ V fj{x) - fj{x + Xet) dfj 

aii(x,x) = iim aatx, x + AeJ = hm ^ 

A-s>o A-s>0 A dxi 

□ 

Next lemma, which can be shown by elementary techniques, shows that 
behaves well under under ^-equivalence. 

Lemma 4.4. Let f and q be A-equivalent map qerms with f = ib o q o m. 

Given a map f\ X =fY and a point x € X, we take local coordinates so 
that the germ fx of f at x is fx = ip o f' o for some biholomorphisms 
(/?, V’ and some map germ /': (C”,0) —)■ (C^,0). We define the ideal l'^{fx) 
in ^XxX,{x,x) ns 

L\fx) = {^x^r{L\r)). 

Lemma 4.4 ensures that this definition does not depend on the choice of ip 
and '0. The following lemma allows us to extend the local definition of 
to a global ideal sheaf of double points. 

Lemma 4.5. Given a map f: X =rY and a point x € X, denote by fx the 
germ of f at x. Let J^‘^{f) be the ideal sheaf given by some representatives of 
the generators l'^{fx) on a suffieiently small open neighbourhood U of (x,x) 
in X X X . The following hold: 

(1) <Y'^{f)(x' x') = I^ifx'), for any (x',x') G A(f7, 2). 

(2) J^Hf)ix',x") = ^{f,2)ix',xn> for any (x',x") eU\A{U,2). 
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Proof. By Lemma 4.4 we can assume X = C” and Y = C^, taking local 
coordinates. To show (1), we just need to shrink U so that we have rep¬ 
resentatives of the germs fj{x) — fj{x') and of the entries of the matrix a 
defined on all U. Therefore, the germs of these representatives at {x', x') pro¬ 
duce the corresponding germs and the corresponding matrix around {x\x'). 

To show (2) we need to show that the ideal generated by the germs at 
{x\ x") of the n X n minors of a is contained in ^{f, 2 )( 2 ,/^.z/p Let A be the 
submatrix of a obtained by picking the rows ji,... ,jn of a. Let b be the 
vector with entries (x) — fj.^ (x'),..., (x) — (x'). Since (x', x") is not 

a diagonal point, there exists i < n such that x[ ^ x'f. Let A' be the matrix 
obtained by substitution of the i-th column of A by b. By Cramer’s Rule we 
obtain |A| = |A'|/(x' - x") G ^{f, □ 

The second item of the previous lemma is equivalent to [1, Lemma 2.1.17] 

Definition 4.6. The sheaf of double points =Y‘^{f) of a map f: X ^ Y is 
defined as the glueing of the following local structures: Off the diagonal, 
■-Y‘^{f) is just the restriction of the sheaf 7^(/, k) to \ Z1(X, 2). If (x, x) is 
a diagonal point, then at a neighbourhood of (x, x) the sheaf is locally given 
by the double point ideal /^(/) of the germ of / centered at x. 

To glue these local structures, we need to check that, if we compute the 
structure locally around some point, then the stalk of this local structure 
at any other close enough point agrees with the structure computed at this 
other point. This is precisely Lemma 4.5. 

Lemma 4.7. Set theoretieally, R(j^^(/)) is the union of the striet double 
points of f and the pairs (x,x) sueh that f is singular at x. 

Proof. Let (x,x'),x 7 ^ x^ a non diagonal point in X^. Locally, =Y‘^{f ) equals 
t^{f,2), which vanishes if and only if (x,x') is a strict double point of /. 
Let (x,x) be a diagonal point in X x X, then iP^{f,2) vanishes trivially at 
(x, x). Moreover, if a is the matrix in the definition of l‘^{fx), by Lemma 4.3 
a(x, x) equals the differential matrix of / at x. Therefore, the nx n minors 
of a vanish at x if and only if / is singular at x. □ 

The following lemma, which appears in [2], can be obtained easily from 
results about Cohen-Macaulay modules (see [11] for details). 

Lemma 4.8. Let (f: (C™',0) —)• (C’’,0) be any map germ. Let I be an ideal 
in Or and let J = 4>*{I). If Or/I is Cohen-Maeaulay and codim R(/) = 
codim R(J), then Om/J is Cohen-Maeaulay. 

With a trivial modification of the proof of [1, Prop. 2.1.11], we obtain 
Lemma 4.9. Let f: (C"',0) —)• (C^’,0) with n < p. Then 

(1) If 02 n/l‘^{f) / 0 then dim 02 n/I'^if) >2n-p. 

( 2 ) If dim02n/l‘^{f) = 2n — p, then 02n/l‘^{f) is Cohen Maeaulay. 

Proof. We identify the space of n x p matrices A = (aji) and n x 1 vectors 
(di,..., dn)'^ with X C”. Let I be the ideal in Onp+n generated by the 
entries of Ad and the nxn minors of A. Set D = V{I) C x It turns 
out that D is a Buchsbaum-Eisenbud variety of complexes (more precisely 
D = W{n — 1, 1), with uq = p,ni = n and n 2 = 1, in the notation of [3]). 
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By [3, T hm 2.7, Lemma 2.3] D is a Cohen Macaulay subspace of x C"" 
of codimension p. 

Now given a matrix a satisfying f{x) — f{x') = a{x — x'), we take the 
map (/): X C"" —)• x C” given by 

(x,x') i-A (a(x,x'), (xi-x[,...,xn- x'J). 

We obtain /^(/) = and the result follows directly from Lemma 4.8 □ 

We can patch the local results above to obtain the following. 

Theorem 4.10. For any map f: X ^ Y, ifV{J^‘^{f)) has dimension 2n—p, 
then it is a Cohen Maeaulay eomplex spaee. 

Proof. This is a local question at XxX. Let Z = V At strict double 
points {x,x') of /, the stalk agrees with =^(/, 2 )(j,which is 

generated locally by the p function germs fj{x) — fj{x'), 1 < j < p (where fj 
is the composition of / with the j-th coordinate function of Y around f{x)). 
Thus, Z is locally a complete intersection. Let {x,x) G A x A be a diagonal 
point and denote fx the germ of / at x. Then, Z^‘^{f)[x,x) — and the 

result follows directly from Lemma 4.9. □ 

Theorem 4.11. For any finite map f: X ^ Y, the ideal sheaf ^‘^{f) defines 
the double point spaee D‘^{f). 

Proof. By Proposition 2.5, we only need to show that the double point struc¬ 
ture given by satisfies conditions Ml and M2. 

To show Ml, let f he a stable map and denote by Z the zero set of ^‘^{f). 
By Theorem 4.10, Z is a Cohen Macaulay space of dimension 2n—p. Now we 
claim that Z is smooth out of the set C = {(rc,a;) | x G S^(/)}. By Lemma 
4.7, Z consists of strict double points of / and diagonal points (x,x), such 
that / is singular at x. 

If (x, x) is a diagonal point with x G S^(/), then the stalk ^‘^{f)(x,x) is the 
double point ideal /^(/x) of the corank 1 map germ fx defined by / at x and 
the claim follows by Proposition 3.2. If {x,x') is a strict double point of /, 
then J''^{f) agrees with 7^(/, 2) locally at (x, x') by Lemma 4.5. The claim 
follows since 7^(/, 2) = (/ x f)*^A{Y, 2 ) and, for every stable map /, the 
restriction of/x/toAxA \ A (A, 2) is transverse to A (A, 2) (Proposition 
1 .12). 

By Proposition 1.10, the dimension of C is less than or equal to n — 2(p — 
n + 3) < 2n — p. Hence, Z is a generically smooth Cohen Macaulay space 
and, thus, reduced. This reduces Ml to show that Z is, set theoretically, the 
closure of the strict double points of /. In other words, it suffices to show 
that there are no irreducible components of Z consisting of points (x, x) 
with / singular at x. Assume that there is such a component. Then, since 
Z is Cohen Macaulay (and hence equidimensional), the dimension of this 
component is 2n — p. Therefore, the dimension of the set of singular points 
of / is at least 2n — p, which contradicts Proposition 1.10. 

To show M2, first notice that, by Lemma 4.4, we can take local coordinates 
and assume A = C”, Y = FX and that the unfolding is given by F{s,x) = 
{s,fs{x)), s G C'", with /o = /. Therefore it suffices to show, for any point 
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(x, x'), the equality 

I 1 < i < r) = =^^(i^)(0,x,0,x') + {si,s[ 

where both stalks are seen as ideals in Oc2('-+"),(o,a;,o,a;')' 

If X / x', then 


^‘^if)ix,x') 


^)(0,x,0,x') ~ ^i) “I" {ifs)j{x) 

^{f:‘^)(x,x') = Uj{x) - fj{x )), 


I <i < r), 


ifsW)), 


so these two ideals agree modulo {si,s[). 

If X = x', =-^^(i^)(o,x,o,x') is given by the sum of 2)(o g^x') the 

ideal generated by the n + r-minors of some matrix A, satisfying 


F{s, x) — F{s , x') = yl(s, X, s', x')(s — s', X — x'). 


The local form of the unfolding F forces A to be of the form 

.!{», X, . 

Taking s, s' = 0 we see that the submatrix ag^s' satisfies 
/(x) - f{x) = a^flix, x')(x - x). 


Therefore ^‘^{f)[x,x) is the sum of ^{f,‘^)[x,x) the ideal generated by 
the n-minors of a(o,o)) which are exactly the n + r-minors of yl(0, x, 0, x'). 
Again the equality modulo {si,s^) is immediate. □ 


Open Problem 2. Find an explicit set of generators of the ideal defining 
the Fth multiple point space D^{f), when k > 3 and / has corank > 2. 


5. Properties of the double point space 

Putting together Theorem 4.11, Theorem 4.10, Lemma 4.7 and Proposi¬ 
tion 2.10, we obtain the following: 

Theorem 5.1. For any finite map f: X ^ Y 

(1) Set theoretically, is the union of the strict double points of f 

and the pairs (x,x) such that f is singular at x. 

(2) D‘^{f) has dimension > 2n — p at every point. In particular, D‘^{f) 
is empty or dim(Il^(/)) >2n — p. 

(3) //dimll^(/) = 2n — p, then D^{f) is Cohen Macaulay. 

The first two items of the previous theorem can be found in [9] and [14]. 

Lemma 5.2. Let f: (C’^,0) —)• (C^,0) be a finite map germ with corank / = 
k > 2, then the embedding dimension of its double point space is 

edim D‘^{f) = n + k. 

Proof. We may assume that / is of the form 

(x,y) {x, fn-k+i{x,y),.. ■, fp{x,y)), 

with X = xi,..., Xn-k,y = VIt ■ ■ iVk and fj G where m stands for the 
maximal ideal of 02n- Then, the ideal P(/, 2) -|- is generated by n — A: 
linearly independent elements in m/m^. Now let a be a matrix satisfying 
/(x) —/(x') = a(x —x'). The rows corresponding to the coordinate functions 
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fj,n—k+l < j < p have all entries in m. Since there are only n—k remaining 
rows, it follows that all the nx n minors of a are contained in C m^. We 
obtain edimZ)^(/) = 2n — {n — k) = n + k. □ 

Proposition 5.3. Let f:X^Y be stable and n <p. Set theoretically, the 
singular locus of D^{f) is 

{(x,x) e \ x e s2(/)}. 

Proof. Let C = {{x,x) G X"^ \ x G S^(/)}. In the proof of Theorem 4.11 we 
have shown that P(J^^(/)) is smooth out of C. Since D‘^{f) = V{J‘‘^{f')\ 
the singular locus of D^{f) is contained in C. Now let {xo,xo) G C and let 
k = corank /a,o > 2. By definition, <X'^{f)(xo,xo) = where fxo is the 

germ of / at xq- From 2.9 we obtain dimll^(/) = 2n — p, and from Lemma 

5.2, since 2n — p < n < n + k, the statement follows. □ 

Given a hnite map f'■ X —)• T, we denote by p: D‘^{f) —)■ X the map 
obtained by restricting the projection on the first coordinate X'^ —)• X. We 
define the source double point space of f as D[f) = p{D‘^{f)), with the 
analytic structure given by the 0-Fitting ideal sheaf of the module 
(see [13] for details on structures given by Fitting ideals). 

Corollary 5.4. For any stable map f: X ^ Y with n < p, the projection 
p:D^f)^Dif) is a normalization. 

Proof. By Proposition 2.10, D‘^{f) is dimensionally correct. Thus, by Theo¬ 
rem 5.1, it is a Cohen Macaulay space. By Proposition 1.10 and Proposition 

5.3, the singular locus of D‘^{f) is empty or has dimension n — 2{p — n -|- 2). 

Hence, it has codimension > p — n + A > 4. Thus D‘^{f) is a normal complex 
space by Serre’s criterion [11, Thm. 23.8]. Since / is stable, the strict dou¬ 
ble points are dense in D‘^{f) and the triple points have dimension strictly 
smaller. Hence p is genenerically one-to-one. □ 

Corollary 5.5. If f: (C’^,0) —)• (C^,0) is finitely determined and n < p, 
then 

(1) If 2n — p > 2, then D‘^{f) is a normalization of D{f). 

(2) If 2n — p > 1, then D‘^{f) is reduced. 

Proof. By the Mather-Gaffney Criterion (see [15]), there exists a representa¬ 
tive of / defined on a open neighbourhood of the origin U (denoted also by 
/), such that /“^(O) = {0} and such that the restriction /|;7\{o} is stable. 
Then, we have D^{f) = D‘^{f\u\{Qy)U {{0,0)} and T>^(/|;7\{o}) is normal by 
Corollary 5.4. Moreover, D‘^{f) has dimension 2n—p and is Cohen-Macaulay 
by Theorem 4.10. By Serre’s criterion [11, Thm. 23.8], if diniD^{f) > 1 
then it is reduced, and if dim D^{f ) > 2 then it is also normal. □ 

The first item of the previous corollary can be found for n = 3,p = 4 in [1, 
Prop. 4.3.1]. The two following examples justify the need of the hypothesis 
in the previous corollary: 

Example 5.6. Take /: (C^,0) —)• (C^,0) given by 

f{x,y) = {x,y^,y{y^ + x^)). 
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Then D‘^{f) is the curve in (C^, 0) defined by the equations x = x', y + y' = 0 
and = 0. Since D‘^{f) is singular, it is not normal. 

Example 5. 7. Let /: (C^,0) —> (C^,0) be given by 

(x, y) eA (x^, x^ + xy, y^ + xy). 

A straightforward calculation yields dimD^{f) = 0, but edimD^(/) = 4, 
by Lemma 5.2. It follows that D‘^{f) is singular and, since it has dimension 
equal to 0, it must be non-reduced. 

Proposition 5.8. Let f: X ^ Y be a finite map with p = n + 1. If f is 
generieally one-to-one, then D^{f) is empty or a Cohen-Maeaulay spaee of 
dimension n — 1. 

Proof If / is finite and generieally one-to-one, then the dimension of the set 
of strict points of / is < n — 1. By Lemma 1.8, the dimension of the space of 
pairs (x, x) with / singular at x is < n — 1. The claim follows immediately 
from Theorem 5.1. □ 

6. Another multiple point structure 

The present section is devoted to the study of a different approach to the 
computation of multiple points. This alternative structure, was introduced 
for double points by Mond in [12], where he shows that it agrees with the 
usual double point structure /^(/), provided that / has corank 1. We will 
give some criteria for the equality of both structures of double points and 
show one example where they disagree. Therefore, we conclude that the new 
structure does not satisfy the properties Ml and M2. 

Recall that the ideal sheaf 1^(/, k) defines the locus of points 

(xW,...,x(^)) 

such that /(x^^^) = /(x^^^) for all I < k. It is clear that the zeros of i^(/, k) 
may contain contain some points which are not what we defined as /c-multiple 
points. Indeed, for any (x'-^^ ..., belonging to the zeros of t^{f, k — 

1 ), the point (x^^^,...,belongs to iY’{f,k) without imposing 
further conditions. For instance, the zero set of tY*{f, k) contains always the 
small diagonal A(X,k). It seems a good idea to erase, taking multiplicities 
into account, the trivial copies of the diagonal which appear in the zeros of 
t^{f,k). Locally, given two subspaces A = V{I) and B = V{J) of (C”,0), 
we have 

~A^=V{I : J°°). 

In order to erase B from A with multiplicity, we take the zeros of the trans¬ 
porter ideal 

I:J = {hGOn\hJYI}, 

(see [7] for saturation and transporter ideal). This local definition extends to 
the corresponding operation between sheaves which, furthermore, preserve 
coherence. 

Definition 6.1. For any map f:X^Y,we define 

A^\f) = I^{f,k):.yDix,k)- 
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We denote by D^{f) the complex space defined by If / is a map 

germ, then we define = P{f,k) : lD{x,k) and D’^if) = V{H^{f)). 

Lemma 6.2. [12] For any map germ f of corank k: 

(1) P{f) C H^f), 

(2) F2(/)^ C /2(/). 

In particular, i/corank/ = 1, then 

Corollary 6.3. For any f:X^Y, the spaces D‘^{f) and D‘^{f) agree set- 
theoretically. At the level of schemes, the ideal sheaf ^‘^{f) is a subsheaf of 
JF‘^{f) and they both agree outside the space 

{(x,x)gA(X,2)|xGS2(/)}. 

Proof. Out of the diagonal, both JF'^{f) and J^‘^{f) agree with t^{f, 2). Let 
(x, x) £ D{X, 2) be a diagonal point and fx be the germ of / at x. We have 
the equalities J^^{f)(x,x) = and AF‘^{f)(x,x) = P'^ifx)- The result 

follows directly from the previous lemma. □ 

The following lemma is standard material, so we omit its proof. 

Lemma 6.4. Let I, J ideals in a noetherian ring R and let be I = ni=i ‘I* 
a minimal primary decomposition, so that the associated primes of R/1 are 
Ass{R/I) = • •.,-y/q^}. Then, the associated primes of R/{I : J) sat¬ 

isfy: 

Ass{R/{I : J)) C I J ^ qj. 

Example 6.5. The inclusion is strict in general. Let qi = and 

(\2 = {x^,xy‘^, y^, z) be primary ideals and J = (x, y). The associated primes 
of / = qi n q 2 are J = and (x, y, z) = since qi (fi q 2 and q 2 (fi qi. 
Moreover, we have J (fi (\ 2 - However, the only associated prime of / : J is J. 

Theorem 6.6. If f: X ^ Y satisfies 

(1) dimD'^{f) = 2n—p, 

(2) dimS^(/) < 2n — p, 

then = J^^if). 

Proof. By Corollary 6.3, the stalks of J^‘^{f) and JY‘^{f) agree out of the 
space {(x,x) £ U x U \ x £ S^(/)}, which is a space of dimension < 2n — p. 

Again by Corollary 6.3, we have <Y‘^{f) C jY’‘^{f). Therefore, the space 
where J'‘^{f) and JY’‘^{f) disagree is 

Z = {(x,x') £UxU\ J^Hf)x,x' C JP^{f)x,x'} = supp{Ji^\f)/J^\f)). 
Since the sheaf AY‘^{f)/.y‘^{f) is coherent , we have 
Z = Vi^nniJ^^{f)/y\f))). 

The stalks of this sheaf are 

jYnn{Jlf‘^{f)/y^{f))x,x' = ^rm{JY‘^{f)x,x'/y‘^{f)x,x') 

= y\f)x,x' : yT\f)x,x'. 

Since the zero set of a sheaf depends only of its stalks, we have the equal¬ 
ity Z = V{y‘^{f) : ,Xf‘^{f)). We already know that Z is contained in the 
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diagonal. By hypothesis, D‘^{f) has dimension 2n — p and thus, by Theo¬ 
rem 4.10 and Theorem 4.11, D‘^{f) is Cohen-Macaulay, and hence equidi- 
mensional. The germ of Z at any point {x,x) G A(X, 2) is V{^‘^{f)x,x • 
Z^‘^{f)x,x) = '■ H‘^{fx)) and, by Lemma 6.4, all the associated 

primes of l‘^{fx) ■ H'^ifx) are associated primes of P{fx). It follows that 
Z is equidimensional of dimension 2n — p or empty. Since we have shown 
before that Z is a subspace of a space of dimension < 2n — p, we conclude 
that Z is empty. □ 

Corollary 6.7. Assume p = n. Then for any finite map 

f-.X^Y. 

Proof. If D'^{f) is empty, then the result is trivial. Otherwise, let n = 
dimX. Since / is finite, then dimZl^(/) = n and, by Lemma 1.8, we have 
dimS^(/) < n — 2. □ 

Corollary 6.8. Assume p = n + 1. If f: X ^ Yis finite and generieally 
one-to-one, then l'^{f) = H‘^{f). 

Proof As in the previous corollary, if D‘^(f) is empty, then the result is 
trivial. Otherwise, let n = dimX. If the map / is finite and generieally 
one-to-one, then dimZl^(/) = n — 1. By Lemma 1.8 we have dimS^(/) < 
n — 2. □ 

Corollary 6.9. Any finite stable map f satisfies =Y‘^{f) = JY’‘^{f). 

Proof. If D^{f) = 0, then the statement follows trivially from Lemma 6.2. If 
D‘^{f) 0, then the stability of / implies dimi4^(/) = 2n — p (Lemma 2.9) 

and we have dim S^(/) = n — 2{p — n -|- 3) <2n — p (Proposition 1.10). □ 

Corollary 6.10. If f: (C'^jO) —)■ (C^,0) is a finitely determined germ and 
p < 2n, then l‘^{f) = H'^if) and both ideals are redueed. 

Proof. By Mat her-Gaffney criterion, we can find a representative / which is 
stable out of {0}. Then, D^(f) is reduced and, by the previous corollary, 
J^‘^{f) and JY'^{f) agree out of {0}. Moreover, 02n/l'^{f) is Cohen Macaulay 
and, thus, equidimensional of dimension 2n—p > 0. As we saw in the proof of 
Theorem 6.6, these sheaves can only differ on some zeros of associated primes 
of <Y‘^{f), which are spaces of dimension > 0. Therefore J^^(/) = <Xf‘^{f) □ 

Example 6.11. Let be /: (C^,0) —)■ (C^,0) the ‘Double Cone’, given by 

{x,y) {x^,y^,xy). 

A straightforward computation with SINGULAR yields l‘^{f) = An Bi and 
II^{f) = An B 2 , where 

A = {x-^x',y-^y'), 

Bi = {x‘^,xx' ,xy,x'‘^,x'y' ,y‘^,yy' ,y'‘^,xy' + x'y), 

B 2 = {x^,xy,y‘^,x',y'). 

The ideal A defines a reduced plane, while V{Bi) = {0}. Therefore, dim D‘^{f) 
2 and Theorem 6.6 does not apply here. Indeed, D‘^{f) has an embedded 
component, namely V{Bi), and thus it is is not a Cohen-Macaulay space. 
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Now we show that in this situation H^{f) may not behave well under 
deformations: Take the unfolding F: (C^,0) —)• (C^,0) given by 

{t, X, y) HA (t, ft{x, y)), ft{x, y) = {x‘^,y‘^,xy + t{y^ + x^)). 

For sufficiently small t ^ 0, ft is ^-equivalent to the map in Example 4.2. 
Since ft is generically one-to-one, for all t 7^: 0 , we conclude that the map 
F is generically one-to-one. From Corollary 6.8 it follows l‘^{F) = H‘^{F) 
and, since /^(/) behaves well under deformations, we have H‘^{F) + {t) = 
P{f)^H^if). 
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